On the effect of static and dynamic particle size distribution on flow turbulence modulation by Njobuenwu, DO & Fairweather, M
This is an author produced version of On the effect of static and dynamic particle size 
distribution on flow turbulence modulation.
White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/128011/
Proceedings Paper:
Njobuenwu, DO orcid.org/0000-0001-6606-1912 and Fairweather, M (2017) On the effect 
of static and dynamic particle size distribution on flow turbulence modulation. In: Wriggers, 
P, Bischoff, M, Oñate, E, Owen, DRJ and Zohdi, T, (eds.) Particles 2017: V International 
Conference on Particle-based Methods. Fundamentals and Applications. 5th International 
Conference on Particle-Based Methods (Particles 2017), 26-28 Sep 2017, Hannover, 
Germany. International Center for Numerical Methods in Engineering (CIMNE) , pp. 
849-858. ISBN 9788494690976 
This is an author produced version of a paper published in the proceedings of Particles 
2017: V International Conference on Particle-based Methods. Fundamentals and 
Applications. All rights reserved.
promoting access to
White Rose research papers
eprints@whiterose.ac.uk
http://eprints.whiterose.ac.uk/
  
 
ON THE EFFECT OF STATIC AND DYNAMIC PARTICLE SIZE 
DISTRIBUTION ON FLOW TURBULENCE MODULATION 
DERRICK O. NJOBUENWU¹ AND MICHAEL FAIRWEATHER² 
School of Chemical and Process Engineering, University of Leeds  
Leeds, LS2 9JT, United Kingdom 
¹d.o.njobuenwu@leeds.ac.uk; ²m.fairweather@leeds.ac.uk 
 
Key words: Large eddy simulation, Discrete particle simulation, Gravity, Turbulence 
modulation, Agglomeration, Particle size distribution. 
Abstract. The effect of an evolving particle size distribution due to particle agglomeration 
and breakup, and the direction and absence of gravitational acceleration, on flow turbulence 
modulation is investigated using large eddy and discrete particle simulation of a turbulent 
channel flow. The results are compared with the case in which the particle size distribution is 
static and where only inter-particle collision is allowed. Due to the small particle Stokes 
number considered, inherent in a solid-liquid flow, and the small simulation time, only small 
effects were observed for the static versus dynamic particle size distribution on the fluid 
turbulence. For vertical channel flows, however, the influence of flow direction and gravity 
lead to different particle segregation patterns which, together with changes in wall shear 
stresses and mass flow rate due to buoyancy effects, do affect the flow turbulence and the 
evolution of inter-particle collisions, collision efficiency and agglomerate breakup. 
 
 
1 INTRODUCTION 
The structures in a turbulent flow are known to be highly complex, associated with time-
dependent, three-dimensional phenomena covering a wide range of spatial and temporal 
scales. The degree of the complexity increases with the introduction of a dispersed particle 
phase. Additional effects include the interaction between phases in terms of mass, momentum 
and energy (as applicable) exchange, the interaction between particles and any walls, and the 
influence of gravity, particle collision, agglomeration and breakup. Since the system 
performance is a complex function of such underlying phenomena, a detailed knowledge 
regarding the hydrodynamics and the evolution of the dispersed phase is essential for 
understanding such systems. The governing features of the dispersed phase are its size and 
velocity distributions, both of which have a major influence on the flow turbulence. 
Previous works have focused on the effect of particle size distribution (PSD) on fluid 
turbulence. These have been performed by studying two-way coupling and four-way coupling 
[1, 2], where the effects of two-way coupling between the particles and the flow, and inter-
particle collisions, on fluid turbulence are considered. To the best of our knowledge, there has 
been no work on the effect of an evolving PSD due to particle agglomeration and breakup on 
turbulence modulation. Work to date therefore considered the effect of a static, poly-dispersed 
PSD on turbulence modulation. In this paper, an eddy-resolving simulation for prediction of 
the fluid velocity distribution is adopted to improve confidence in the results. Large eddy 
simulation (LES) is preferred to direct numerical simulation (DNS) to benefit from LES’s 
lower computational cost as compared to DNS. Discrete particle simulation (DPS) 
considering particle drag, shear-lift, pressure gradient, added mass and buoyancy forces, and 
sub-grid scale velocity fluctuation contributions to particle acceleration, is applied to treat the 
particle dynamics in the turbulent flow. The classical particle-in-cell technique is used to treat 
the two-way coupling.  
Most numerical simulations exclude the gravitational force to study only turbulence-
induced agglomeration. However, gravitational acceleration is inevitably present and hence 
must be included as one of the external forces that induce particle-particle interactions leading 
to agglomeration and sedimentation. The inclusion of gravitational acceleration does alter the 
fluid mass flow rate and the particle behaviour in a system, as shown in the literature [3-5]. 
In resolving four-way coupling aspects, the search for possible binary particle collisions is 
based on a deterministic method following domain decomposition. The outcome of all 
collisions is determined using a hard-sphere collision model while all collisions are subjected 
to an energy-balance agglomeration to test for possible agglomeration [6]. All agglomerates 
are subjected to hydrodynamic shear stresses in the flow for possible breakup of agglomerates 
[7]. Note that agglomerate breakup is due to agglomerate-agglomerate or primary particle-
agglomerate collisions, and through impact with a wall or due to hydrodynamic shear [7]. 
The LES-DPS developed for predicting the dynamic PSD and turbulence modulation is 
tested on flows of relevance to the transport of nuclear waste sludge. Channel flow is the 
simulation domain while calcite particles suspended in water are the nuclear waste simulant. 
Results will be presented in terms of the PSD, and profiles of fluid and particle velocities, 
with simulation time, focussing on the impact of the evolving particle size distribution on the 
flow turbulence. 
 
2 MATHEMATICAL FORMULATION 
A four-way coupled Eulerian-Lagrangian approach is adopted since the suspension is 
dense with high particle volume fractions. In large eddy simulation, the continuity and 
Navier-Stokes equations are spatially filtered so that the energy-containing large-scale 
turbulent motions are solved while the sub-grid scales (SGS) are modelled. The filtered 
governing equations with the influence of the dispersed phase can be expressed as: 
 
D?D?ത௝D?D?௝ ൌ 	 ? (1)
 
D?D?ത௜D?D?൅ D?D?ത௜ ത௝D?D?௝ ൌ െ 	?D?D?D?ҧD?D?௜ ൅ D?D?D?௝ ൫D?ത௜௝ െ D ?௜௝൯ ൅ ȫD?൅ D?௠ǡ௜D? (2)
where D?ത௜௝ ൌ െ	 ?D ?D ?ҧ௜௝ represents the viscous stress, D?ҧ௜௝ ൌ 	?Ǥ	?ሺD?D?ത௜ȀD?D?௝ ൅ D ?D ?ത௝ȀD?D?௜ሻ is the 
filtered strain-rate tensor, D? is the kinematic viscosity, D?௜௝ ൌ D ?௜D?௝ െ D ?ത௜D?ത௝ is the SGS tensor 
which represents the effect of the SGS motions on the resolved motions, D? is time, D?௝ is the 
spatial co-ordinate directions, D?௝ is the velocity vector, D? is the pressure, and D? is the density. 
The SGS tensor is computed using the dynamic version of the Smagorinsky model proposed 
by Piomelli and Liu [8]. Its specific implementation has been presented in a recent paper [9]. ȫ ൌ െD ?D ?ఛଶȀD? is the mean pressure constant imposed along the streamwise direction (z-axis) 
that drives the flow. D?௠ǡ௜ is a source term and accounts for the action on the fluid of the 
particles, given by the sum of all hydrodynamic forces in the momentum equation due to all 
particles in a fluid computational cell. 
The motion of a particle in a turbulent flow field follows Newton’s second law of motion: D? ൌ ቊሺD?ഥ െ D ?ሻD?௣ D?஽ ൅ D ?ௌ௅ 	?D?	?D?௣ ሾሺD?ഥ െ D ?ሻ ൈ ૑ഥሿ ൅ D?D?௣ D?ഥD?൅ D?	?D?௣ ൬D?ഥD?െ D?D?൰ ൅ ቆ	 ? െD?D?௣ቇD?ቋD? (3)D?D?ൌ D ?D ? (4)
An important notation convention is that the derivatives ȀD? and ȀD? represent Lagrangian 
derivatives, following the particle and the containing fluid element respectively, so that 
boldface symbols denote the vector quantities, with D?ഥȀD? ൌ D?D?ഥȀD?D? ൅ D? ڄ ׏D?ഥ and D?ഥȀD? ൌD?D?ഥȀD?D? ൅ D?ഥ ڄ ׏D ?ഥ. The terms on the right-hand side of Eq. (3) are, respectively, contributions 
from the drag, shear lift, pressure-gradient, added-mass, and buoyancy forces. The particle 
properties are denoted by the subscript D?, and fluid properties are either given without a 
subscript (for readability) or by the subscript D? (where it enhances clarity). D? and D?D? are the 
particle instantaneous velocity and position; D?ഥ and ૑ഥ ൌ 	 ?Ǥ	 ?ሺ׏ ൈ D ?ഥሻ are known resolved fluid 
velocities and rotation interpolated at particle position. The term D?஽ is a non-linear correction 
due to the particles’ finite Reynolds number, D?D?௣ ൌ ȁD?ഥ െ D ?ȁD?௣ȀD?, taken from the Schiller and 
Naumann drag correlation, and expressed as D?஽ ൌ 	?Ǥ	? ൅ 	?Ǥ	?	?D?D?௣଴Ǥ଺଼଻, with D?௣ as the particle 
diameter. D?௣ ൌ ሺD ?௣D?௣ଶሻȀ	?	?D? is the particle relaxation time and when normalised by the 
viscous time-scale D?௙ ൌ D ?ȀD ?ఛଶ, gives the particle Stokes number, D?௣ା ൌ D ?௣ȀD?௙, which is then 
used to characterise the particle response time, with D?ఘ ൌ D ?௣ȀD? being the particle to fluid 
density ratio. Hence, a superscript ሺାሻ denotes variables made dimensionless in wall (viscous) 
units using the fluid kinematic viscosity, D?, and the fluid shear velocity, D?ఛ. The shear lift 
force coefficient D?ௌ௅ accounts for corrections due to small and large particle Reynolds 
numbers, as proposed by Mei [10].  
The deterministic hard-sphere collision model [11] is adopted to treat the interactions 
between particles due to binary collisions. Agglomeration for the colliding particles is based 
on an expression which permits agglomeration if the elastic energy (i.e. the relative kinetic 
energy before the collision minus the dissipated energy) after the compression period of the 
collision is less than the work required to overcome the van der Waals’ forces [12]: ሺD?ଶି െ D ?ଵି ሻଶ െ ሾሺD?ଶି െ D ?ଵି ሻ ڄ D ?ୡሿଶሺ	 ? െ D ?௡ଶሻȁሺD?ଶି െ D ?ଵି ሻ ڄ D ?ୡȁ ൑ D?כ	?D?଴כଶ ቈሺ	 ? െ D ?௡ଶሻ 	?D?ଶD?௣כD?ҧכ D?௣ǡଵכଷ ൅ D ?௣ǡଶכଷD?௣ǡଵכଶ D?௣ǡଶכଶ ൫D?௣ǡଵכ ൅ D ?௣ǡଶכ ൯቉ଵȀଶ (5)
where quantities with the superscript * are made dimensionless in the integral scale using the 
channel half-height D?, bulk velocity, D?௕ and fluid density, D?. D? is the particle Hamaker 
constant, D?ҧ is the maximum contact pressure at which plastic deformation occurs, D?଴ is the 
minimal contact distance and D?௡ is the normal restitution coefficient. Note the superscript (–) 
denotes quantities before the collision, and the subscripts 1 and 2 denote particles number one 
and two. The agglomerate size and structure are based on a volume-equivalent sphere.  
Breakup is defined as a singular event in time, i.e. there is an exact moment in time when 
an agglomerate turns from being intact into being broken. We assume that this happens when 
the local hydrodynamic stress D?D?ሺD?ȀD?ሻଵȀଶ at the agglomerate position, acting on the 
agglomerate, exceeds a critical stress, D?௖௥ [7]; where D? is the instantaneous turbulence kinetic 
energy dissipation rate at the position of the agglomerate, and D? and D? are the dynamic and 
kinematic viscosities. The critical stress D?௖௥ is a characteristic of the considered agglomerate, 
i.e. D?௖௥ is a function of the aggregate properties such as size, structure, type of the constituting 
particles, and the chemical environment. Among these variables, the size of the aggregate is 
most crucial. A large body of experimental, numerical and theoretical studies, see Babler et al. 
[7] and cited references, suggest a power law dependency of the form: 
 D?௖௥ 	?D?ି௤ ൌ D ?௣௣ି௤Ȁௗ೑  (6) 
where D?௣௣	?D?ௗ೑ is the number of primary particles constituting the agglomerate, D?௙ is the 
agglomerate fractal dimension, D? is the radius of the primary particle, and D? ൌ ൣ	?Ǥ	?൫	? െD?௙൯ ൅ 	?൧Ȁ	? is a scaling exponent that depends on the agglomerate structure [7]. There are no 
exact models to effect breakup, and recent research [7] has been limited to detecting the 
moment break-up events are likely to occur. We adopt this model for detecting breakup events 
for small agglomerates and subsequently breakup the parent agglomerate into two daughter 
particles. This method of breaking an agglomerate into two parts is a popular modelling 
assumption mainly because of the lack of data for other types of breakup mode. 
 
3 NUMERICAL SIMULATIONS 
The BOFFIN-LES code [13] was used to solve the LES equations. The shear Reynolds 
number of the channel flow was D?D?ఛ ൌ D ?ఛD?ȀD? ൌ 	?	?	? based on the properties of water (D ? ൌ	?	?	?	? kg m-3, D ? ൌ 	 ?	 ?ି଺ m2 s-1). The computational domain, 	?D? ൈ D?D? ൈ 	?D?D?, was discretised 
using grid nodes of 	?	?	? ൈ 	?	?	? ൈ 	?	?	? in the wall normal, spanwise and streamwise 
directions, respectively. Periodic boundary conditions are applied in the streamwise and 
spanwise directions and the no-slip condition is imposed on the walls. 
 
Table 1: Calcite mechanical properties and influence of particle diameter, normal restitution coefficient and 
volume fraction on particle-particle interactions. 
 
Parameter Symbol Unit Value 
Particle density D?௣ kg m-3 	?	?	?	? 
Hamaker constant D? J 	?Ǥ	? ൈ 	?	?ିଶ଴ 
Mean yield stress D?ҧ Pa 	?Ǥ	? ൈ 	?	?଼ 
Minimal contact distance D?଴ m 	?Ǥ	? ൈ 	?	?ିଵ଴ 
Particle diameter D?௣ µm 	?	? 
Normal restitution coefficient D?௡  - 	?Ǥ	? 
Particle volume fraction D?௣  - 	 ? ൈ 	 ?	 ?ିଷ 
 
Particles are injected uniformly into the fully developed un-laden flow with their velocity 
set to the local fluid velocity and tracked by solving the particle equation of motion. A 4th-
order Runge-Kutta scheme and a trilinear interpolation scheme are employed in the DPS code 
with time step equal to that of the LES. Periodic boundary conditions are applied in the 
streamwise and spanwise directions and perfect elastic collisions are imposed on the walls. 
The particle simulation properties and the mechanical properties of calcite particles, a 
simulant for UK legacy waste sludge, used in these simulations are listed in Table 1. Particle-
particle collisions are considered within a long dispersion phase to assure a proper mixing of 
the primary particles. Then, two-way coupling, inter-particle collision, agglomeration and 
breakup are considered. The instant in time at which the agglomeration and breakup models 
are applied is denoted D?כ ൌ 	 ? and then a dimensionless time interval of ȟD?כ	?	?	?	? is 
investigated. 
 
4 RESULTS AND DISCUSSION 
Figure 1 shows the population balance (growth and/or death) of the single, D?௣௣ǡ and 
agglomerate particles, D?௔ǡ௜ஸହǡ defined as the ratio of the number of particle sizes to the initial 
number of total single particles, D?଴ ൌ 	?ǡ	?	?	?ǡ	?	?	?ǡ after a simulation time D?כ ൌ D ?D ?௕ȀD ൌ 	?	?	?.  
In this test case, agglomeration and breakup were monitored for primary particles with 
particle diameter, D?௣ ൌ 	?	?Ɋ, particle Stokes number, D?௣ା ൌ 	 ?, density ratio, D?௣ȀD?	?	?	?	? 
and agglomerate fractal dimension, D?௙ ൌ 	 ?Ǥ	 ?.  
 
 
 
Figure 1: Time evolution of the population of single, D?௣௣, and agglomerate particles, D?௔ǡ௜ୀଶǡଷǡǥ. Lines are as 
follows: black (െሻ single; red (െ ڄڄ െ) double; green (െെ) triple; blue (െ ڄ െ) quadruple; purple (െሻ quintuple  
 
Figure 1 shows the particle size distribution at any time instance, D?כǡ and demonstrates that 
agglomerates of two particles, D?௔ǡ௜ୀଶ, form first. With increasing time, large agglomerates 
begin to form through collisions between single particles and larger agglomerates, and 
between the agglomerates themselves, all constrained by de-agglomeration due to 
hydrodynamic shear stress acting on the agglomerate. The rate of formation and breakup of 
the lower order agglomerates, e.g. D?௔ǡ௜ୀଶǡଷǡ ultimately tends to a steady state, while those of 
the higher order agglomerates, e.g. D?௔ǡ௜ୀହ, show an unsteady trend since the large 
agglomerates are susceptible to breakup.  
 
 
 
Figure 2: (a) Mean streamwise fluid velocity, D?௭ା, and rms of fluid velocity fluctuations for (b) streamwise, D?௭ǡ୰୫ୱା , (c) spanwise, D?௬ǡ୰୫ୱା ǡ and (d) wall-normal, D?௫ǡ୰୫ୱା ǡ components. Lines are as follows: black (െሻ unladen 
DNS; red (െെ) unladen LES; green (െ ڄ െ) four-way coupled LES, with collision only and blue (െ ڄڄ െ) four-
way coupled LES, with collision, agglomeration and breakup (D?௣ ൌ 	?	?Ɋ, D?௣ȀD?	?	?	?	?, D?௣ା ൌ 	 ?, D?௙ ൌ 	 ?Ǥ	 ?). 
Following the test case presented in Figure 1 where four-way coupling including inter-
particle collision, agglomeration and breakup are considered, the first and second statistical 
turbulent moments for the liquid phase are compared in Figure 2 with those obtained from 
unladen DNS [14], unladen LES and four-way coupled LES with inter-particle collision only, 
all computed at shear Reynolds number D?D?ఛ ൌ 	?	?	?. The four-way coupling case considering 
particle collision, agglomeration and breakup results in a dynamic particle size distribution, 
while the four-way coupling case considering inter-particle collision only results in a static 
PSD, and in this case mono-dispersity. 
(a) (b) 
(c) (d) 
Figure 2 gives profiles of the mean streamwise fluid velocity, D?௭ା, and the root mean square 
(rms) of the fluid velocity fluctuations in the streamwise, D?௭ǡ୰୫ୱା , spanwise, D?௬ǡ୰୫ୱା , and wall-
normal, D?௫ǡ୰୫ୱା , directions. All show only small differences between the unladen flow and the 
four-way coupled case based on the static and dynamic PSDs. Although the presence of 
particles in the fluid flow does modulate the flow turbulence, therefore, the degree of this 
modulation depends on several factors as reviewed in Pang et al. [15]. Due to a small particle 
Stokes number, D?௣ା ൌ 	 ?, for this flow, and a small elapsed simulation time ȟD?כ	?	?	?	?, the 
consideration of two-way coupling with static and dynamic PSD has little effect on the fluid 
statistical moments studied. This negligible effect of small particle Stokes number on fluid 
statistics has been observed in previous studies, e.g. [12].  
 
    
      
 
Figure 3: Time history of (a) the total number of the accumulated particle-particle collisions, D?௖௢௟ȀD?଴, (b) the 
total number of the accumulated particle-particle collisions leading to agglomeration, D?௔௚௚ȀD?଴ , (c) the 
agglomeration rate, D?௔௚௚ȀD?௖௢௟, and (d) the total number of the accumulated agglomerate breakups, D?௕௞ȀD?଴; D?଴ 
is the total number of primary particles ൫D?௣ ൌ 	 ?	 ?D ?D ?ǡ D ?௣ȀD? ൌ 	?Ǥ	?	?൯ initially injected into the domain. Lines are 
as follows: red ሺെ) downward flow; green ሺെ െ) no-gravity flow; and blue ሺെ ڄ െ) upward flow. 
 
Figure 3 shows the evolution of the number of collisions, D?௖௢௟, the number of collisions 
(a) (b) 
(c) (d) 
which satisfy the agglomeration criterion in Eq. (5), D?௔௚௚, the agglomeration rate, D?௔௚௚ȀD?௖௢௟, 
and the number of breakups, D?௕௞, for the three flows considered, i.e. downward flow, no-
gravity flow and upward flow, all normalised by the initial total number of primary particles, D?଴ ൌ 	?ǡ	?	?	?ǡ	?	?	?. The effect of momentum exchange between the solid and liquid phases, the 
shear induced lift force and the direction of gravity all have an effect on particle segregation, 
inter-particle collision, particle agglomeration and agglomerate breakup. Subsequently, their 
combined effects influence the fluid first and second statistical moments.   
 
 
 
Figure 4: (a) Mean streamwise fluid velocity, D?௭ା, and rms of fluid velocity fluctuations for (b) streamwise, D?௭ǡ୰୫ୱା , (c) spanwise, D?௬ǡ୰୫ୱା ǡ and (d) wall-normal, D?௫ǡ୰୫ୱା ǡ components. Simulations based on particle diameter D?௣ ൌ 	 ?	 ?Ɋ D?௣ȀD? ൌ 	?Ǥ	?	? Lines are as follows: black ሺെ) unladen DNS; red ሺെ െ) downward flow; green 
(െ ڄ െ) no-gravity flow; and blue ሺെ ڄڄ െ) upward flow. 
The particles in the downward flow (DF) and no-gravity flow (NG) accumulate at the wall, 
with the former showing more particle segregation at the wall compared to the flow without 
gravity. In contrast to both these flows, the particles in the upward flow (UF) are depleted in 
(a) (b) 
(c) (d) 
the near-wall region. Note the results that support this observation are not shown here, but this 
has been observed previously [2]. Due to presence of gravity, and also to local momentum 
exchange with the carrier fluid and to differences in particle segregation, we observe in Figure 
4 significant increases (resp. decreases) of both the wall shear and liquid mass flow rate in 
downward (resp. upward) flows when compared to the no-gravity flow. Hence, in the three 
cases, the particles see significantly different turbulence intensities, as is evident in the 
evolution of the number of collisions, agglomerations, breakups and the agglomeration rate in 
Figure 3. With the largest wall shear stress and mass flow rate for the downward flow, the DF 
case showed the highest rate of particle collisions, D?௖௢௟ȀD?଴, agglomeration events, D?௔௚௚ȀD?଴ǡ 
and breakups, D?௕௞ȀD?଴. In contrast, the DF case showed the lowest agglomeration rate, D?௔௚௚ȀD?௖௢௟. These observations are consistent with theory and with our earlier observations 
reported in Njobuenwu and Fairweather [6], where particle collision, agglomeration and 
breakup, all increased, while the agglomeration rate (D?௔௚௚ȀD?௖௢௟) decreased, with an increase 
in the carrier-phase mass flow rate (Reynolds number). Hence, the influence of the direction 
of gravity in a vertical flow on particle collision, agglomeration and breakup is like that of 
flow Reynolds number, i.e. equivalent to increased Reynolds number of DF, and decreased 
for UF. In the same vain, the UF showed the least particle collision, agglomeration and 
breakup, but the largest agglomeration rate. 
 
5  CONCLUSIONS 
The effect of the particle size distribution (static versus dynamic), and the direction and 
absence of gravitational acceleration, on particle collision, agglomeration and breakup, and 
fluid turbulence, in vertical channel flows has been investigated. Large eddy simulation, 
discrete particle simulation, deterministic hard-sphere collision and energy-balanced based 
agglomeration models, and breakup due to hydrodynamic shear stress, were all adopted for 
this study. Due to the small particle Stokes number considered, inherent in a solid-liquid flow 
and small simulation time ȟD?כ	?	?	?	?, only small effects were observed for the static versus 
dynamic particle size distribution on the fluid turbulence. In the vertical channel flow case, 
particles in downward and zero gravity flows are transported towards the wall where they 
accumulate, while particles in upward flow migrate away from the wall. This segregation 
pattern, as well as changes in the wall shear stresses and mass flow rate due to buoyancy 
effects, do affect the flow turbulence and the evolution of inter-particle collisions and the 
collision efficiency, as well as agglomerate breakup rate. 
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